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Suppose that X is an arbitrary real Banach space and T : X X is a continuous
-strongly accretive operator. It is shown that the nonlinear equation Tx f has a
unique solution and under certain conditions both the Mann and Ishikawa itera-
Žtion methods with errors introduced by Y. Xu 1998, J. Math. Anal. Appl. 224,
.91101 converge strongly to the solution. A related result deals with the approxi-
mation of fixed points of -hemicontractive operators.  2001 Academic Press
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1. INTRODUCTION
For a real Banach space X we shall denote by J the normalized duality
map from X into 2 X * given by
  2   2 ² :Jx f * X* : f *  x  x , f * , 4
² :where X* denotes the dual space of X and  ,  denotes the generalized
duality pairing. In the sequel, I denotes the identity operator on X and
Ž . K denotes the diameter of K for any K X. An operator T with
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Ž . Ž .domain D T and range R T in X is called strongly accretie if for all
Ž . Ž . Ž .x, yD T , there exist j x y  J x y and a constant k 0 such
that
² :   2Tx Ty , j x y  k x y . 1.1Ž . Ž .
Ž .Without loss of generality we may assume k 0, 1 . T is called accretie
Ž . Ž . Ž .if for all x, yD T there exists j x y  J x y such that
² :Tx Ty , j x y  0. 1.2Ž . Ž .
Ž . Ž .T is called -strongly accretie if for all x, yD T there exist j x y 
Ž .  .  . Ž .J x y and a strictly increasing function  : 0,  0, with  0  0
such that
² :    Tx Ty , j x y   x y x y . 1.3Ž . Ž .Ž .
Closely related to the class of strongly accretive operators is the class of
strongly pseudocontractive operators where an operator T is called strongly
Ž . Ž . Ž .pseudocontractie if for all x, yD T there exist j x y  J x y
and t 1 satisfying.
1 2² :  Tx Ty , j x y 	 x y . 1.4Ž . Ž .
t
Ž .If t 1 in 1.4 , then T is called pseudocontractie. T is called -strongly
Ž . Ž . Ž .pseudocontractie if for all x, yD T there exist j x y  J x y
 .  . Ž .and a strictly increasing function  : 0,  0, with  0  0 such that
² :   2    Tx Ty , j x y 	 x y   x y x y . 1.5Ž . Ž .Ž .
Ž .  Ž . 4Furthermore, T is called -hemicontractie if F T  xD T : Tx x
Ž . Ž . Ž . Ž . and for all xD T , q F T there exist j x q  J x q and
 .  . Ž .a strictly increasing function  : 0,  0, with  0  0 such that
² :   2    Tx q , j x q 	 x q   x q x q . 1.6Ž . Ž .Ž .
Ž . Ž .It follows from inequalities 1.1 to 1.5 that T is pseudocontractive
Ž .respectively, strongly pseudocontractive, -strongly pseudocontractive if
Ž . Žand only if I T is accretive respectively, strongly accretive, -strongly
. Ž .Ž Ž ..accretive . If T is accretive and I
 rT D T  X for all r 0, then T
is called m-accretive.
The classes of operators introduced above have been studied by several
Ž  .  researchers see, for example, 135 . Osilike 31 proved that the class of
Žstrongly accretive operators respectively, the class of strongly pseudocon-
.tractive operators is a proper subclass of the class of -strongly accretive
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Žoperators respectively, the class of -strongly pseudocontractive opera-
.  tors . Chidume and Osilike 14 obtained that the class of -strongly
pseudocontractive operators with a nonempty fixed-point set is a proper
subclass of the class of -hemicontractive operators.
The accretive operators were introduced independently in 1967 by
   Browder 2 and Kato 26 . An early fundamental result in the theory of
accretive operators, due to Browder, states that the initial value problem
du

 Tu 0, u 0  u ,Ž . 0dt
 is solable if T is locally Lipschitzian and accretive on X. Martin 29
generalized the result of Browder to the continuous accretive operators.
That is, he proved that if T : X X is strongly accretive and continuous,
that T is surjective, so that the equation
Tx f 1.7Ž .
Ž  .has a solution for any given f X see also Morales 30 . On the other
hand, he established also that if T : X X is accretive and continuous,
then T is m-accretive, so that the equation
x
 Tx f 1.8Ž .
has a solution for any given f X.
Within the past 10 years or so, several authors have applied the Mann
iteration method and the Ishikawa iteration method to approximate fixed
points of strongly pseudocontractive operators with nonempty fixed-point
Ž . Ž .  sets and to approximate solutions of equations 1.7 and 1.8 . In 12 ,
Chidume proved that if X is an arbitrary real Banach space and K is a
nonempty closed convex and bounded subset of X and T : K K is a
uniformly continuous strong pseudocontraction, then both the Mann and
 Ishikawa iteration methods with errors introduced by Xu 35 converge
strongly to the unique fixed point of T. Meanwhile he gave also the
convergence theorems for strongly accretive and accretive operators under
certain conditions. If T : X X is a Lipschitz and -strongly accretive
Ž .operator and 1.7 has a solution, methods for approximating the solution
 have been investigated by Osilike 31, 33 .
It is our purpose in this paper to show that if X is an arbitrary real
Banach space and T : X X is a continuous -strongly accretive opera-
Ž .tor, then Eq. 1.7 has a unique solution. Under certain conditions, we
prove also that both the Mann and Ishikawa iteration methods with errors
  Ž .introduced by Xu 35 converge strongly to the solutions of equations 1.7
Ž .and 1.8 . A related result deals with the approximation of fixed points of
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-hemicontractive operators. Our results generalize, improve, and unify 5,
Theorem 3.4; 6, Theorem 3.4; 7, Theorem; 8, Theorem 2; 9, Theorem 2;
10, Theorems 2 and 4; 11, Theorems 46, 9, 10; 15, Theorem 4; 16,
Theorems 13; 22, Theorem 1; 32, Theorem 3; 34, Theorem 4.2 and
others.
2. PRELIMINARIES
The following lemmas play a crucial role in the proofs of our main
results.
   4  4  4LEMMA 2.1 27 . Let  ,  , and  be three nonnegatien n0 n n0 n n0
real sequences satisfying the inequality
 	 1 	  
  
 Ž .n
1 n n n n
 4    Ž . for all n 0, where 	  0, 1 , Ý 	  ,   o 	 , and Ý n n0 n0 n n n n0 n
 . Then lim   0.n n
LEMMA 2.2. Let X be an arbitrary real Banach space and let T : X X
be a continuous -strongly pseudocontractie operator. Then T has a unique
fixed point in X.
n
 1Proof. Define T : X X by T x x Tx for all x X, n 1.n n n
Clearly, each T is continuous. Note that T is -strongly pseudocontrac-n
tive. Thus
² :T x T y , j x yŽ .n n
n
 1
² : ² : x y , j x y  Tx Ty , j x yŽ . Ž .
n
n
 1 2 2        x y  x y 
  x y x yŽ .
n
1 2  x y 2.1Ž .
n
for all x X, n 1. Hence each T is strongly accretive. It follows fromn
 17, 29 that the equation T x 0 has a solution x  X for any n 1. Inn n
Ž .view of 2.1 we have for all n 1,
    x  x x  xŽ .n 1 n 1
n
 1
² :	 T x  T x , j x  x  Tx  x , j x  xŽ . Ž .n n n 1 n n 1 1 n 1¦ ;n
1
    1 x , j x  x 	 x  x  x ,Ž .1 n 1 1 n 1¦ ;ž /n
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which implies that
        1  x 	 x 
 x  x 	 x 
  x 2.2Ž .Ž .n 1 n 1 1 1
Ž .for all n 1. Using 2.2 we get that
1 1
1     x  Tx  x 	 x 
  xŽ .Ž .n n n 1 1n n
 0 as n . 2.3Ž .
Since T is -strongly pseudocontractive, that is, I T is -strongly
accretive, so
    x  x 	 I T x  I T xŽ . Ž .Ž .n m n m
    x  Tx 
 x  Tx , 2.4Ž .n n m m
Ž . Ž .  4for all n, m 1. 2.3 and 2.4 ensure that x is a Cauchy sequence.n n0
 4Consequently, x converges to some u X. It follows from then n0
continuity of T that
x  Tx  u Tu as n . 2.5Ž .n n
Ž . Ž .In view of 2.3 and 2.5 we conclude immediately that u Tu. If T has
 4another fixed point   X u , then
  2 ² :u  Tu T , j uŽ .
  2    	 u   u u ,Ž .
Ž .  .  .which means that  u  0. Since  : 0,  0, is strictly in-
Ž .  4creasing and  0  0, it follows that u  X u , which is a contra-
diction. Therefore T has a unique fixed point in X. This completes the
proof.
LEMMA 2.3. Let X be an arbitrary real Banach space and let T : X X
Ž .be a continuous -strongly accretie operator. Then Eq. 1.7 has a unique
solution for any f X.
Ž .Proof. Given f X, let S f
 I T. Note that Eq. 1.7 has a
unique solution q X if and only if the operator S has a unique fixed
point q X. Since T is a continuous and -strongly accretive operator, S
is a continuous and -strongly pseudocontractive operator. It follows from
Ž .Lemma 2.2 that S has a unique fixed point q X. Hence Eq. 1.7 has a
unique solution q X. This completes the proof.
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3. MAIN RESULTS
Now we prove the following theorems.
THEOREM 3.1. Suppose that X is an arbitrary real Banach space, T :
X X is a uniformly continuous and -strongly accretie operator, and the
Ž .range of either I T or T is bounded. For arbitrary f X, define S:
 4X X by Sx f
 x Tx for all x X. Define the sequence xn n0
iteratiely by x , u ,   X,0 0 0
y  a x 
 b Sx 
 c  , n 0, 3.1Ž .n n n n n n n
x  a x 
 b Sy 
 c u , n 0, 3.2Ž .n
1 n n n n n n
 4  4where u and  are arbitrary bounded sequences in X, andn n0 n n0
 4  4  4   4   4   4a , b , c , a , b , and c are real sequences inn n0 n n0 n n0 n n0 n n0 n n0
 0, 1 satisfying the following conditions:
a 
 b 
 c  a 
 b 
 c  1, b 
 c  0, 1 , n 0; 3.3Ž . Ž .n n n n n n n n
cn lim b  lim b  lim c  lim  0; 3.4Ž .n n n b 
 cn n n n n n

b 
. 3.5Ž .Ý n
n0
 4Then x conerges strongly to the unique solution of the equation Tx f.n n0
Proof. It follows from Lemma 2.3 that the equation Tx f has a
Ž .unique solution q X. It follows from 1.3 that for all x, y X
² : ² :Tx Ty , j x y  I S x I S y , j x yŽ . Ž . Ž . Ž .
     x y x yŽ .
  2 A x , y x y , 3.6Ž . Ž .
  x yŽ .Ž .  .where A x, y   0, 1 for all x, y X. This implies
   1
 x y 
  x yŽ .
that
² :I S A x , y x I S A x , y y , j x y  0 3.7Ž . Ž . Ž . Ž .Ž . Ž .
  Ž .for all x, y X. It follows from Kato 26, Lemma 1.1 and 3.7 that
   x y 	 x y
 r I S A x , y x I S A x , y yŽ . Ž .Ž . Ž .
3.8Ž .
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for all x, y X and r 0. Now we show that the range of S is bounded. If
Ž .the range of I T is bounded, then
   Sx Sy  I T x I T y 	  R I TŽ . Ž . Ž .Ž .
Ž .for all x, y X. If the range of T is bounded, then by 3.6 we have
    1    Sx Sy  x y  Tx Ty 	  Tx Ty 
 Tx TyŽ . Ž . Ž .
	 1  R T 
  R TŽ . Ž .Ž . Ž .Ž .
for all x, y X. Hence the range of S is bounded. Put d  b 
 c , dn n n n
 b 
 c , andn n
   Dmax sup Sx  q , sup Sy  q ,½ n n
n0 n0
     sup u  q , sup   q , x  q . 3.9Ž .5n n 0
n0 n0
Ž . Ž . Ž .By induction, 3.1 , 3,2 , and 3.9 , we easily conclude that for all n 0,
   max x  q , y  q 	D. 3.10 4 Ž .n n
Ž .Using 3.1 we have
x  1 d x 
 b Sy 
 c uŽ .n
1 n n n n n n
 1 d x 
 d Sy 
 c u  Sy ,Ž . Ž .n n n n n n n
which implies that
1 d xŽ .n n
 x  d Sy  c u  SyŽ .n
1 n n n n n
 1 1 A x , q d x 
 d I S A x , q xŽ . Ž .Ž . Ž .n
1 n n
1 n n
1 n
1

 d Sx  Sy  c u  Sy . 3.11Ž . Ž . Ž .n n
1 n n n n
Note that
1 d q 1 1 A x , q d qŽ . Ž .Ž .n n
1 n

 d I S A x , q q. 3.12Ž . Ž .Ž .n n
1
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Ž . Ž . Ž . Ž .It follows from 3.3 , 3.11 , 3.12 , and 3.8 that
 1 d x  qŽ .n n
 1 1 A x , q dŽ .Ž .n
1 n
dn
 x  q
n
1 1 1 A x , q dŽ .Ž .n
1 n
 I S A x , q xŽ .Ž .n
1 n
1
     I S A x , q q  d Sx  Sy  c u  SyŽ .Ž .n
1 n n
1 n n n n
    1 1 A x , q d x  q  d Sx  Sy  2 Dc ,Ž .Ž .n
1 n n
1 n n
1 n n
which implies that
1 dn
   x  q 	 x  qn
1 n1 1 A x , q dŽ .Ž .n
1 n
dn
 
 Sx  Syn
1 n1 1 A x , q dŽ .Ž .n
1 n
2 Dcn

1 1 A x , q dŽ .Ž .n
1 n
 	 1 A x , q d x  qŽ .Ž .n
1 n n
 
Md Sx  Sy 
Mc 3.13Ž .n n
1 n n
Ž . Ž . Ž .for all n 0, where M is some constant. In view of 3.1 , 3.2 , 3.3 , and
Ž .3.4 , we infer that
 x  yn
1 n
   	 x  x 
 y  xn
1 n n n
         	 b Sy  x 
 c u  x 
 b Sx  x 
 c   xn n n n n n n n n n n n
	 2 D d 
 dŽ .n n
 0,
as n . Thus the uniform continuity of S ensures that
 Sx  Sy  0 as n . 3.14Ž .n
1 n
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 Ž . 4Set inf A x , q : n 0  r. We assert that r 0. If not, then r 0.n
1
Ž .3.10 yields that
   x  q 	 1 rd x  qŽ .n
1 n n
 
Md Sx  Sy 
Mc 3.15Ž .n n
1 n n
   for all n 0. Put   x  q , 	  rd ,  Md Sx  Sy 
n n n n n n n
1 n
Ž . Ž . Ž . Ž .Mc , and   0 in 3.15 . It follows from 3.4 , 3.5 , and 3.14 thatn n
Ž   Ž .  Ž .	  0, 1 with Ý 	  ,   o 	 , and Ý   . 3.15 andn n0 n n n n0 n
 Lemma 2.1 ensure that x  q  0 as n , which means that r 0.n
This is a contradiction. Therefore r 0 and there exists a subsequence
 4  4x  q of x  q satisfyingn 
1 i1 n
1 n0i
 x  q  0 as i . 3.16Ž .n 
1i
Ž . Ž . Ž .Using 3.16 , 3.14 , and 3.4 we conclude that given 
 0, there exists a
positive integer m such that for all nm,
 x  q  
 , 3.17Ž .n 
1m
c 1  
 
Ž .n
 M Sx  Sy 
M min 
 , . 3.18Ž .n
1 n 3 3½ 5d 2 1
  
 
 
Ž .n 2 2
Now we claim that
 x  q 	 
 3.19Ž .n 
jm
Ž . Ž .for all j 1. In fact, 3.17 means that 3.19 holds for j 1. Assume that
Ž .   Ž .3.19 holds for j k. If x  q  
 , we obtain that by 3.13 andn 
k
1m
Ž .3.18
 x  qn 
k
1m
   	 x  q 
Md Sx  Sy 
Mcn 
k n 
k n 
k
1 n 
k n 
km m m m m
1  
 
Ž .
	 

min 
 , dn 
k3 3 m½ 52 1
  
 
 
Ž .2 2
3
	 
 . 3.20Ž .
2
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Ž . Ž . Ž .Note that  x  q   
 . It follows from 3.20 thatn 
k
1m
 
Ž .
A x , q  . 3.21Ž . Ž .n 
k
1 3 3m 1
  
 
 
Ž .2 2
Ž . Ž . Ž .By virtue of 3.13 , 3.18 , and 3.21 , we obtain the following estimates:
 x  qn 
k
1m
 
Ž .
 	 1 d x  qn 
k n 
k3 3 m mž /1
  
 
 
Ž .2 2
 
Md Sx  Sy 
Mcn 
k n 
k
1 n 
k n 
km m m m
 
Ž .
	 1 d 
n 
k3 3 mž /1
  
 
 
Ž .2 2
1  
 
Ž .

min 
 , dn 
k3 3 m½ 52 1
  
 
 
Ž .2 2
	 
 .
That is,
 
 x  q 	 
 ,n 
k
1m
  Ž .which is a contradiction. Hence x  q 	 
 . By induction, 3.19n 
k
1m
Ž .holds for all j 1. Thus 3.19 yields that x  q as n . This com-n
pletes the proof.
As a consequence of Theorem 3.1, we have
COROLLARY 3.1. Let X, T , S, f , and  be as in Theorem 3.1. Define the
 4sequence x iteratiely by x , u  X,n n0 0 0
x  a x 
 b Sx 
 c u , n 0,n
1 n n n n n n
 4  4  4where u is an arbitrary bounded sequence in X, and a , b ,n n0 n n0 n n0
 4   Ž .and c are real sequences in 0, 1 satisfying 3.5 and the followingn n0
conditions:
a 
 b 
 c  1, b 
 c  0, 1 , n 0Ž .n n n n n
and
cn
lim b  lim  0.n b 
 cn n n n
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 4Then the sequence x conerges strongly to the unique solution of then n0
equation Tx f.
THEOREM 3.2. Suppose that X is an arbitrary real Banach space, T :
X X is a uniformly continuous and -strongly accretie operator, and the
Ž .range of either I
 T or T is bounded. For a fixed f X, define S: X X
 4by Sx f Tx for all x X. Define the sequence x iteratiely byn n0
x , u ,   X,0 0 0
y  a x 
 b Sx 
 c  , x  a x 
 b Sy 
 c u , n 0,n n n n n n n n
1 n n n n n n
 4  4  4  4  4   4   4where u ,  , a , b , c , a , b , andn n0 n n0 n n0 n n0 n n0 n n0 n n0
  4  4c are as in Theorem 3.1. Then x conerges strongly to the uniquen n0 n n0
solution of the equation x
 Tx f.
Proof. Set A I
 T. It is easy to see that A: X X is uniformly
Ž .continuous and -strongly accretive, and the range of either A or I A
is bounded. Furthermore, x
 Tx f becomes Ax f and
Sx f Tx f A I x f
 x AxŽ .
for all x X. Thus Theorem 3.2 follows from Theorem 3.1. This com-
pletes the proof.
COROLLARY 3.2. Let X, T , S, f , and  be as in Theorem 3.2. Define the
 4sequence x iteratiely by x , u  X,n n0 0 0
x  a x 
 b Sx 
 c u , n 0,n
1 n n n n n n
 4  4  4  4where u , a , b , and c are as in Corollary 3.1. Then then n0 n n0 n n0 n n0
 4sequence x conerges strongly to the unique solution of the equationn n0
x
 Tx f.
THEOREM 3.3. Suppose that X is an arbitrary real Banach space and K is
a nonempty conex subset of X. Assume that T : K K is a uniformly
 4continuous and -hemicontractie operator. Define the sequence xn n0
iteratiely by x , u ,   K ,0 0 0
y  a x 
 bTx 
 c  , x  a x 
 b Ty 
 c u , n 0,n n n n n n n n
1 n n n n n n
 4  4  4  4where u ,  are arbitrary bounded sequences in K , a , b ,n n0 n n0 n n0 n n0
 4   4   4   4c , a , b , and c are as in Theorem 3.1. If T hasn n0 n n0 n n0 n n0
 4bounded range, then the sequence x conerges strongly to the uniquen n0
fixed point of T.
Ž . Ž .Proof. Using 1.6 we easily conclude that F T is a singleton. Set
Ž .  4F T  q . Thus for all x K ,
² :    I T x I T q , j x q   x q x qŽ . Ž . Ž . Ž .
  2 A x , q x q ,Ž .
  x qŽ .Ž .  .where A x, q   0, 1 for all x K. It follows from
   1
 x q 
  x qŽ .
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 26, Lemma 1.1 that
   x q 	 x q
 r I T A x , q x I T A x , q qŽ . Ž .Ž . Ž .
for all x K and r 0. The rest of the proof is now identical with the
proof of Theorem 3.1 and is therefore omitted. This completes the proof.
COROLLARY 3.3. Let X, T , K , and  be as in Theorem 3.3. Define the
 4sequence x iteratiely by x , u  K ,n n0 0 0
x  a x 
 b Tx 
 c u , n 0,n
1 n n n n n n
 4  4  4  4where a , b , and c are as in Corollary 3.1 and u is ann n0 n n0 n n0 n n0
arbitrary bounded sequence in K. If T has bounded range, then the sequence
 4x conerges strongly to the unique fixed point of T.n n0
Remark 3.1. It is clear that the assumption that the range of either
Ž . Ž .I T or T or I
 T is bounded in Theorems 3.1, 3.2, and 3.3 can be
 4  4replaced by the assumption that either x  Tx and y  Ty orn n n0 n n n0
 4  4  4  4Tx and Ty or x 
 Tx and y 
 Ty are bounded,n n0 n n0 n n n0 n n n0
respectively.
Remark 3.2. Theorems 3.13.3 extend, improve, and unify 5, Theorem
3.4; 6, Theorem 3.4; 7, Theorem; 8, Theorem 2; 9, Theorem 2; 10,
Theorems 2 and 4; 11, Theorems 46, 9, 10; 15, Theorem 4; 16, Theorems
13; 22, Theorem 1; 32, Theorem 3; 34, Theorem 4.2 in the following
sense:
1. Theorems 3.13.3 hold in arbitrary real Banach spaces whereas the
  Žresults of 711, 15, 22, 34 have been proved in the restricted in L orp
.l , uniformly smooth real Banach spaces, q-uniformly smooth real Banachp
spaces, real smooth Banach spaces, respectively.
2. In Theorems 3.13.3, unlike 9, Theorem 2; 10, Theorem 2; 11,
 Theorems 4, 5, 9 , the assumption of b 	 b is not required.n n
 3. The Mann iteration method in 7, 8, 11 , the Ishikawa iteration
 method in 5, 6, 911, 15, 16, 22, 34 , and the Ishikawa iteration method
   with errors introduced by Liu 27 in 32 are replaced by the more general
 Ishikawa iteration method with errors introduced by Xu 39 .
 4. The strongly pseudocontractive operators in 511, 16, 22, 34 , the
 strongly accretive operators in 10, 11, 16, 32 , and the accretive operators
 in 15, 16 are replaced by the more general -hemicontractive operators
or -strongly accretive operators, respectively.
Ž . Ž .5. Theorem 3.1 holds in boundedness of either R T or R I T
 whereas 11, Theorems 5 and 6; 16, Theorem 3 have been shown in
Ž .  boundedness of R T , and 10, Theorem 2; 16, Theorem 2 have been
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Ž .shown in boundedness of R I T . Theorem 3.2 holds in boundedness of
Ž . Ž .  either R T or R I
 T whereas 11, Theorems 9 and 10 are true in
Ž . Ž .boundedness of R T . Theorem 3.3 holds in boundedness of R T , whereas
7, Theorem; 8, Theorem 2; 9, Theorem 2; 10, Theorem 4; 22, Theorem 1;
34, Theorem 4.2 are satisfied in boundedness of K.
 6. That T is Lipschitz in 710, 15, 22, 34 is removed.
 4  4  4   4Remark 3.3. The iteration parameters a , b , c , a ,n n0 n n0 n n0 n n0
  4   4b , and c in Theorems 3.13.3 and Corollaries 3.13.3 do notn n0 n n0
depend on any geometric structure of the underlying Banach space X or
 4  4on any property of the operator T. A prototype for a , b ,n n0 n n0
 4   4   4   4c , a , b , and c in our theorems and corollaries isn n0 n n0 n n0 n n0
1 1 1 1
a  1  , b  , c  ,n n n' '4 n
 1 4 n
 1Ž . Ž .4 n
 1 4 n
 1
n
 1 1
  a  , b  c n n nn
 3 n
 3
for all n 0.
 Remark 3.4. In 12, 35 , Chidume and Xu make use of the following
conditions:
Ž .   i a 
 b 
 c  a 
 b 
 c  1, n 0;n n n n n n
Ž .  ii lim b  lim b  lim c  0;n n n n n n
Ž .  iii Ý b  , Ý c  .n0 n n0 n
Ž . Ž .The following examples reveal that conditions 3.3  3.5 are different
Ž . Ž .from conditions i  iii .
 4  4  4   4   4   4EXAMPLE 3.1. Let a , b , c , a , b , and cn n0 n n0 n n0 n n0 n n0 n n0
Ž . Ž .be as in Remark 3.3. Then conditions 3.3  3.5 are satisfied. However,
Ž . condition iii does not hold since Ý c  .n0 n
  4   4   4EXAMPLE 3.2. Let a , b , and c be as in Example 3.1.n n0 n n0 n n0
For any n 0, define
1 1 1
b  , b  , c  ,3n 3n
2 3n
2 2n
 1 3n
 2 3n
 2Ž .
c  c  b  0, a  1 b  c .3n 3n
1 3n
1 n n n
Ž . Ž . Ž .It is easy to verify that conditions i  iii are fulfilled. But condition 3.3
does not hold because b 
 c  0 for all n 0.3n
1 3n
1
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